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THE MAXIMAL VARIATION OF
A BOUNDED MARTINGALE

BY
JEAN-FRANCOIS MERTENS AND SHMUEL ZAMIR

ABSTRACT

Let x5={X}; be a martingale such that 0= X, =1;i=0,---,n.For0sp=1
denote by #; the set of all such martingales satisfying also E(X,)= p. The
variation of a martingale xg is denoted by V(x5) and defined by V(x5)=
E(Zr5 | X=X, |). It is proved that

. 1

im{ sup [J=vixa) |} = 600,

= lgemp LV R

where ¢ (p) is the well known normal density evaluated at its p-quantile, i.e.

1
V2r

¢(p)=\/g_exp(—%xf,) where fp exp(—3x%)dx = p.
™ —

A sequence of martingales yg, n=1,2,--- is constructed so as to satisfy

lim,—...(1/V 1) V(x5) = ¢(p).

1. Introduction

For a martingale yo={X}; we define the variation by V(x5)=
E(Z'2| X.r1— X. |). We are interested in this variation for bounded martingales,
say0=X,=1,i=0,1,2,---. For any p: 0 =p =1 denote by #; the set of all
n-martingales bounded in [0, 1] and satisfying E(X,)=p (E(X) denotes the
expectation of X).

A rather easy consequence of a well known property of martingales and the
Cauchy-Schwartz inequality is that

(1.1) Vx&)=Vp(l—-p)-Vn

for every xo € M ;. In particular if {X.}7 is an infinite martingale with E(Xo)=p
and yg is its truncation at stage n, then (1.1) holds for n = 1,2, - - - . However this
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is not the strongest statement possible in this case since from the convergence of
{X.}s it can be shown that for any such c-martingale

(1.2) 1im—1—r_-l V(i) =0.

The question we are interested in is: Is V nthe least upper bound for the order of
magnitude of V(x#)? Since obviously there are n-martingales with V(xq) of
lower order of magnitude, the question is: Is there a function f(p); f(p) >0 for
0 < p <1; such that for each 0= p =1 and a positive integer n there exists an
n-martingale x; € /M satisfying

(1.3) Vxs)z f(p)Vn ?

Notice that in view of (1.2) it is impossible to satisfy (1.3) with the y; being the
truncations of the same ®-martingale. An affirmative answer to the above stated
question would imply: There exists f(p): f(0)=f(1)=0 and f(p)>0 for
0 <p <1 such that

1 -
(14 f0)= sup [ =V | = VT ).
xheHs \/R

It turns out that a result much stronger than (1.4) can be achieved, namely

. 1 n
(1.5) iim{ sup [ <=V |} = 60)

n=e b xge My n
where

__1 1.2y, o1 _ 1,2 -
<b(p)—\/5;reXP( 3X5); f \/2—1—rexp( 2x‘)dx = p.

Thus, not only is Sup,pe: [(1/V n) V(xs)] bounded away from 0 but it is a
converging sequence, the limit of which is, amazingly enough, the well known
normal density function evaluated at its p-quantile.

A by-product of the proof of this result is a construction of a sequence of
martingales o€ M ,; n=1,2,--- for which

iim | 2=V | = 6 (0).

Our interest in the variation of bounded martingales came up through game
theory. It turns out that the speed of convergence of the values of certain
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repeated games with incomplete information is given by (1/n)V(xc) for some
X6 € M,. Using the results of this paper one can find a sequence of such games
with asymptotic value 0, for which the values v,(p) satisfy limpee Vav,(p) =
&(p). These are in some sense repeated games with the slowest rate possible for
releasing information (see [3]).

We are indebted to David Gilat for calling our attention to an inaccuracy in
the first version of the paper.

2. Preliminary results and statement of the main theorem

We are considering n-martingales and «-martingales bounded in [0, 1] with a
given and fixed expectation p, i.e., {X.}s and {X.} such that 0= X, =1 Vi and
E(X,)=p;0=p =1 (hence also E(X,)=p Vi). We denote such n-martingales
by xé (or x5) and the set of all such martingales by M, (o1 ;).

Desinmion 2.1 The n-stage variation of a martingale x§ (or x4 for m = n) is
denoted by V(xs) and defined by
n—1
VO = B( 3, [ X=X ).

The following two Theorems may be partiaily or fully known. However, we
state and prove them here for the sake of completeness and mainly to clarify the
significance of our main result (Theorem 2.5).

THEOREM 2.2 Forallp, 0=sp=landn=12,---

1 -
21) —=V(x§)=Vp(l-p)
Vn
holds for all ;€ M.
Proor. We recall that since martingale differences are uncorrelated (see e.g.
[1]), it follows that
n-—1
(2.2) E(Z (Xoei X)Z) = E(X, - XoF.
[§]

Since in our case the martingale is bounded in [0, 1] and E(X,) = p, it is easily
seen that the maximal value for E(X, — X,)’ is attained when X, =p and the
distribution of X, is Pr(X, = 1) = p; Pr(X, = 0) = 1 — p in which case we have

E(X,-Xof=E(X)-p*=p-p’=p(1-p).
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Hence, by (2.2)

n-1
(2.3) E<E (X+1—x.)2>§p(1—p).

1=0

Now we make use of the Cauchy-Schwartz inequality and get (using (2.3))
n—1 n—1 n—1 1/2
VX3 = E(E | X X, l)g [E<2 (x+1—>(.)2)5(2012)]
1=0 1=0 =

=Vp(I-p)-Vn,
which completes the proof.

CoroLLARY 2.3 For any infinite martingale x5 bounded in [0,1] with
E(X,) = p the n-stage variation is bounded by Vp(1-p): Vn and consequently
0 =lim,_.sup V(X(;)/\/né Vp(1-p).

However, as far as infinite martingales are concerned a stronger result can
be obtained, namely

THEOREM 2.4. For any ®-martingale x; with 0=X, =1; i=12,.-,

lim—= V(x) = 0.

n—o\/ N

Before proving this theorem let us notice that there is no hope to strengthen it
so much as to prove that V(xs) <. In fact the following example communi-
cated to us by David Gilat shows that a bounded martingale may have an infinite
variation.

ExampLE. Perform a symmetric random walk (p =3) with X,=1 and a step
size 3. Reduce the step size to 3 as soon as you reach one of the points 3*3. In
general if the step size was last time reduced at point y to size & =2"%**", then
reduce it to £c., = 27%" as soon as you reach one of the points y * n.e, where
n. = 2% Doing that for k = 1,2, - - - we obtain a martingale x5 bounded in [0, 1]
(since 2%-, nkei = 3). If we denote by N, the number of steps of size &, made,
then clearly

oo

V(x5)= 2, &E(No).

k=1

But E(N.) = ni (expected duration of a classical ruin game, see e.g. [2] pp. 348),
hence,
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V(X:) = IZI Ekni = ,Zl 2_(2’(“)22" =

Proor oF THEOREM 2.4.  Let xo = {X.}s be an ©-martingale bounded in [0, 1].
By (2.2), x¢ is (uniformly) bounded in L., hence x; converges in L, to a random
variable say X.. So Ve >0, 3k s.t. || X, — Xiun o< e for all n. Now

1 k+n-1

=V “”)-‘\'/TJF—‘ > E(X-X.])

1=0

- = [Z B XX D+ 3 E(Xe-XD],

1=k

Using the Cauchy-Schwartz inequality for each of the two sums and then
applying (2.2) we get

_’1_ ke < \/E k=1 ~ s 1/2
Vi 0S| 2 B 0
\/71 k+n-1 s 172
__Vk _ Vn
= \/m“Xk X0”2 + \/k ”Xk+n Xk “2

Letting n — » we conclude that Ve >0 3k s.t

lim V(X"“‘)<s,

- \/

in other words

lim—= V(xg)= 0
n

n—w

as claimed. We now turn to the main result of the paper:

Tueorem 2.5 (The Main Theorem). For any p; 0=p=1:

(2.4) im | XSSL’E;[VLZ v |} = 60,

where ¢(p) is the standard normal density function evaluated at its p-quantile (i.e.
& (p) = (1/V2m)exp(—ix2) where [*.(1/V2m)exp(—3ix*)dx = p).
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In view of the length and the technical complication of the proof we provide in
the next section the heuristic arguments that lead, and in fact have led us, to the
result. The formal proof is given in section 4.

3, The heuristics of the result
Let
aa(0) = Sup [ F=vixp) |

XoE.M"

Assuming X, =p, ¢.(p) clearly satisfies the following recursion formula:

Va+1¢ualp)= {E(X,—p)+ VnE(d. (X))}

{Xy IE(X )‘p)

G.1) = {P(X,zp)

(X1|E(X1) p}

X[E(X,-p|X:Z p)+ VnE(d(X))| X, Z p)]

+P(X,<p)[E(p - Xi| X, <p)+ VRE (¢ (X)| X, < p)]}.

Assuming that ¢, is concave (an assumption based on observation of ¢ and ¢,),
then for any X, the expression to be maximized in (3.1) is increased if X, is
replaced by X, which assumes only the two values p + £ and p —n, where
£=E(X,-p|X:zp)and n = E(p — Xi| X; <p). Since in addition E(X;)=p
we replace (3.1) by

62) Vit 1) = Max (Vi s 6.0+ 8+ tulp-m) |+ L

where S(p)={(&n)|0=¢=1-p; 079 =p}.

By concavity of ¢. the expression in the square brackets decreases both in £
and in 7. Since this expression is multiplied by V'n, it follows that the points
(& m.) at which (3.2) achieves its maximum, satisfy (¢, 1.)— (0,0). Expanding
o.(p + &) and ¢.(p — m) we obtain the following approxi'rlnation:

B3)  Vnt1ldea@)={Vn[¢(p)+ Emdi(p)] +26ma (€0 + 1)}

For any fixed £,m,. the expression at the right hand side of (3.3) is maximized
when (& + 7.) is minimized, which is at & = n,. We conclude that as a first
approximation, the maximum in (3.2) is achieved for ¢ = . Motivated by this
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observation we restrict the domain of maximization S{(p)in (3.2) to S(p)N{£ =

n}={x|0=x =p*}, where p* = min(p,1 - p). The recursion equation (3.2) is
thus replaced by

G4 Vntig.i(p)= Max §Vn[,(p+x)+ ¢u(p — X))+ x}.

Assuming now that ¢, (p) converge to some function ¢ (p) one gets from (3.4),
letting x = a,/V'n,

2 lo(p + Vi) + 0o - @/ V)

n

Vi Lo =van]

§M§X{gj+ ¢(p)+2%;"¢"(p)}

1 non 1
= — +— - .
‘p + n N{?X {aﬂ 2 ‘p } ¢ 2n¢n

On the other hand V1+1/np = ¢ + (1/2n)¢, thus ¢ = —1/¢". In other words
we are led to the differential equation

3.5 ep"+1=0.

To solve (3.5) we rewrite it as — ¢'(p) = [£.(1/¢)dp, where we have intro-
duced an integration constant so as to have ¢'(3) =0 which is implied by the
symmetry of ¢(p) around p =3 Now let z(p)= — ¢'(p) = [2.(1/¢)dp, then
z'(p)=1/¢ and thus ¢ = dp/dz. Now replace in (3.5) the variable p by the
variable z:

—‘P:’EE=¢’1"P = - z9,
which implies In¢ = K —3z? or
(3.6) o= A\/z_exp(—zzz)

(where K and A are constants). Since ¢ = dp/dz we get

3 z{p} A
7 =c+
3.7 p=ct] \/2

exp(—3x?)dx.

Denoting by F(x) the cumulative standard normal distribution we have there-
fore
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(3.8) ¢(2)= AF'(z(p)),
(3.9) p = c + AF(z(p)).

Now ¢ 20 and ¢ #0 implies A >0 from which it follows by (3.7) that z(p) is
monotonously increasing with p. Since ¢(0)= ¢(1)=0 we have by (3.6) that
z(0)= —o, z(1)= + ., From (3.7) we thus have

(3.10) l=c+A.
From ¢’'(3) =0 we get z(3)= — ¢'(}) =0, hence from (3.7)
(3.11) 1=c+1A.

We conclude from (3.10) and (3.11) that ¢ =0 and A =1, thus finally ¢(p) =
F'(z), p = F(z),i.e. the limit ¢ (p) is the standard normal density evaluated at its
p-quantile.

4. Proof of the Main Theorem

First let us introduce the convention of writing p’ instead of 1-p for
0=p =1. (Although we will use the prime also for derivative it will be clear
from the context which operation it stands for.) Next, for 0= p =1 let

S(P)={E& ) lozz}

and define two sequences of functions on [0, 1}, {¢.} and {¢.} by @0 = ¥y =0 and
for n=0,1,2,---

@) Vit Ten) = Max [Vaei— o+ )+ Vagy— (o — )+ 251 |

£+

(fﬂ)ES(P)

4.2) Yo = Cav @uu1.

In (4.1) the expression in the square brackets is defined to be ¢.(p) when

£ =7 =0.1In (4.2) Cav is the operator of concavification of a function on [0, 1},

(i.e. Cav f is the smallest concave function g satisfying g(p)= f(p); 0=p =1).
We first observe that

4.3) ¢ (0)= . (0)= @, (1)=¢.(1)=0 for n=0,1,2,---
It also follows immediately from the definitions that
(“4.4) ¢i(p)=yu(p)=2p(1-p) for 0=p=1

Lemma 4.1.  Every ¢, and every Y., n =0,1,2, - - - is symmetric around p = 3.
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This is easily proved by induction using (4.1) and observing that the operation
Cav conserves the symmetry around p = 3.

LeEmMma 4.2.
(4.5) Sup V(xi) = ¥(p)=2p(1-p).

Proor. For any martingale x, € #, we denote by V(x| X, = a) the condi-
tional n-stage variation given the value a of X,. We shall first show

4.6) Sup Vixol Xo=a)=2a(l- a),

where the Sup is being taken over all r.v. (random variables) in [0,1] s.t.
E(X)) = a. To prove (4.6) take any such X, and let Q, = {X, > a}, b, = {X, = a},
then

Vxo| Xo=a)=E( X\~ al)
= P(Q)E((X, - a)| Q)+ PL)E((a - X,)| )
=P(h)-£+(1-P(Q)) 7
where £ = E((X, - a)|Q,) and n = E((a - X.)| ). Now
a=E(X)=P@Q)E(X,[Q)+ (1 - PQ))E(X,| Q)
=PQ)(a+ &)+ (1= P(E))(a—n),

which implies P(Q)=n/((+7n) and hence V(xol Xo=a)=2£&n/(E+ 7).
Therefore

(4.7) Sup V(xi| Xo = a)= Sup 26n/(§+m).

E&n)ES(a)

In (4.7) the sup is achieved for £ = @’ = 1~ a and = @, which establishes (4.6).
Now if we denote by Ex, the expectation with respect to the r.v. X, we have

Sup V(xi)= Sup B Sup V(x| Xy |

{XolE(Xo)=p}

= Sup EQCX«l-Xp).

{XoE(X0)=p)}

Finally since 2X,(1- X,) is a concave function w.r.t. X, the Supxyexg=-p 18
achieved for X,=p which concludes the proof of Lemma 4.2.

THEOREM 4.3. Forn=0,1,2,---and 0=p =1
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(4.8) Sup [%; Vixd) ] = 4. (p).

n n
onJ{P

Proor. By induction on n: For n = 1, (4.8) foillows from Lemma 4.2. Assume
(4.8) is true for n = m — 1 and let us prove it for n = m. Since ¢, = Cav ¢, it is
clearly enough to prove that for0sp =1

“9) Sup V| =V |5 en(p).

X’(;‘EJ“';
Xom=p

To prove (4.9) let ), = {x, > p}, [1 = P({},) (hence 1 —II = P(1),)). We have for
any {X.}5', Xo=p

V=S E(X - XD
= E(Xo-p )41 % E(X = X @)+ (1= S, E(X - X110

(by induction hypothesis)
=E(X,—pl)+ Vm = 1[I (E(X:| Q) + (1~ T (E(X [ Q)]
= I(E(X,| Q) - p) + (1~ T)(p — E(X:| )

+Vim = 1 (B Q)+ (1= M- E(X, [ D))

Let p+¢é=E(X/|Q) and p-n=E(X|€,), then £=0, n=0 and
I1£ — (1 — 1) = 0 which implies I1 = n /(£ + ). From our last inequality we thus
obtain

2
ll/m 1(P §)+ § 'l/m 1(P "7)] §f7; >

V(Xg")é\/m—l[§+

and by definition of ¢.(p): V(xi)= Vmen (p), which concludes the proof of
Theorem 4.3.
The following two Lemmas provide bounds for the convexity of the function

é(p).

LemMA 4.4. There exists a constant ¢ >0 such that

@10 A= Ma [V 0+ 6 x) x|z sip)-cin’

0=x=mn(p.p’)

foral 0sp=1;,n=12,---.
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LemMA 4.5. There exists a constant K >0 s.t. for 0=p =1

4.11)

~o -]
= ¢(p)+ K/n>.

Unfortunately the proofs of these technical Lemmas about ¢(p) are rather
lengthy. They can be found in the Appendix. Proceeding in the proof of our
main theorem we define now a new sequence {¢.}s of functions on [0, 1] by
~() =0 and

1
Max [\/
Vn +1emese

(412) Vn+1¢.a(p) = ¢(p n)+ —51

(en)ES(p)[\/ £+ ¢"(p+§)+ \/n

(Here again the expression in the brackets is defined to be ¢, (p)if £ = n = 0.)
PROPOSITION 4.6.

4.13) g(p)Z d.(p) for 0=p=1; n=0,1,2,---.
This follows readily from the definitions (4.1) (4.2) and (4.12).
Lemma 4.7. Forn=1,2,---and 0=p=1

1 n 7
@.14) Sup [ J=V(xt) |2 4 (o).
xGEAp \/n
Proor. For each n=1,2,--- let us construct for each p, 0=p=1 a

martingale xo(p) € A, with variation exactly &.(p), i.e.
1 n z
(4.15) v Vi) = ¢ (p)-
n

We do the construction inductively on n: For n=1 let Xo(p)=p and
Pr{Xi(p)=0}=p’; Pr{X,(p)=1}=p then V(x(p))=2pp’' = é:(p).

Assume now that for n and for each p, 0 = p = 1 there is a martingale {Xi(p)};
satisfying (4.15). Let (&, 1,) be the point at which the maximum in (4.12) is
attained. Define the martingale {Z,(p)}i*™' by

[ Z(p)=p; Pr{Zi(p)=p+ &)= mal(&+ ma);
Pr{Z.(p) = p — n.} = & /(& + nn),

{Z@p) | ZAp)=p+ &E={X(p + &)},

LH{Z @) Zip)=p —n.i={X.(p— )}t

(4.16) )
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It follows by (4.12) and (4.16) that

V(Zi™(p)) = — [25"”"+ T y(xip + &)

\/ +1 ) Vn+1 &t &t ma
+ §_%TT Vixsp - m))]

Ving.(p+ &)+

1 [2£nn"+ Nn
Lt &t &+,

- Vn+1
= d-’m*l(p)‘

This completes the proof of Lemma 4.7.

Vig.(p =) |

Lemma 48. For0=p=1;n=12,---
(4.17) $.(p)2 ()~ =
n

for some constant a > 0.

Proor. We first prove by induction on k that for any n =1

(418) ,.+k(p) ¢(p)—\/ 1+kl:\/n+'§l4_\j;j|’

for k =0,1,2,--- where ¢ is a constant satisfying (4.10). In fact for k =0,

é.(p)=0= ¢(p)—35 We notice that in (4.10) we may replace the last term
—¢/n®* by —4c/(n+1)’. Assume now that (4.18) holds for k, then by (4.10)

1 §
orel0) = g Mo [V b0

— & . 2¢n
+\/n+ km(ﬁﬁk(p—n)-l-m]

)%

1 M {\/n

Ve P (Gusk(p + %)+ Gur(p —x))+x}

%

—_— Max
Van+k+1 0SxSpAp’

1 (V2 k 4120+ 00 - x)+

()
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- : 4c a 1 _\/_;1 " 4c
=00 Ty \/n+k+1< +.;S-“"i\/”i)
_ B 1 \/__r-l n+k+1£
=4 \/n+k+1( ¥ < i\/'i)'

Now by (4.18) for n =1

50 Z () ——— (14 _
Rz 60)- 775 (53 7) =00

Since this holds for k =0,1,-- -, the proof of the Lemma is completed.

LemMa 49. For 0sp=landn=1.2,--:
(4.18) U (p)= $(p)+ B/Vn
for some constant g > 0.

Proor. The proof is almost the same as that of Lemma 4.8. First ¢,(p) =
2pp' = ¢(p)+:1. Next we use Lemma 4.5 and (4.1) to prove that

1k+l K
implies
- NS
@20 oulp) =2 00)+ = 5+ 2 17 )

K is a constant satisfying (4.11).
Since the function on the right hand side of (4.20) is concave, (4.20) implies

_Caverp) S o)+ (L § K
2D lp) = Cov )5 80) + = (T4 3 2

Hence we have proved (4.19) by induction for k =0,1---. Finally it follows
from (4.19) that

o = d(p)+ —*B— k=01,

1]

holds for some constant B. This completes the proof of the Lemma.
We are now in the position to conclude the proof of our main Theorem:
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Proor oF THEOREM 2.5. By Lemmas 4.7 and 4.8

limInf{ Sup [—\—/l—; V(xé‘)]} =z 11111 Imnf é.(p) = ¢(p)

n-—so xge,a: —

and by Theorem 4.3 and Lemma 4.9

limSup{ Sup [_\%1 V(XS)]} = lir? S:lp U.(p)=o(p).

n—swo x0EMp —

CoroLLarY 4.10. The n-martingales x i(p) constructed in the proof of Lemma
4.7 satisfy

lim {\% V(XS(p))] =¢(p); O0=p=1,

n-»co

with the speed of convergence of the order of 1/Vn

In fact by construction
1 n -
=V =d.lp); 0=p=l  n=12--
Vn
while by Lemmas 4.8, 4.9, and Proposition 4.6

4.22) (p)— a/Vn= &.(p)=v(p)S d(p)+ B/Vn

APPENDIX
Proofs of Lemmas 4.4 and 4.5

We intend to prove in this Appendix two technical statements (namely,
Lemmas 4.4 and 4.5) about the function ¢(p) defined on 0=p =1 by

(A.1) ¢(p)=:/li—;exp(—%xf,) where f,: \/lz_ﬂexp(~%x2)dx=p.

We start by examining the derivatives of ¢(p):

ProprosiTioN A.l. For 0=p =1 and ¢(p) and x, defined by (A.1)
(@ ¢'(p)= —x,

(b) x,=1e¢(p),

(c) ¢"(p)=—-1d(p)= —x,,

d) ¢9p)= —x/¢°(p),

() ¢“(p)=—(1+2x7)/é’(p),
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) ¢9@p)= —x,(7+6x;)/¢ (p),
(8) ¢“p)=—(@4x;+7)(6x;+1)/¢°(p),
(h) ¢%(p)=0;, n=12,---.

Proor. (a) to (g) result from straightforward differentiation. (h) will follow if
we prove that

(A2) " (p) = e ,(p)Z axy

where g, 20 forj=1,---,n—-1.
We prove (A.2) by induction on n. By (c) it is true for n = 1. Assume it for n,
then

6@ (p )—m[z [2n —1)a, +2( + Da,a)x7 "+ 2n — Da,x;" l]

M( )2 Bxy,

where B, 20; j=0,---,n— 1. Consequently

8% p)= s [ 203, B3+ S, 21+ 1)

1 n+1
ZHH(P)]— YI P

where y, 20; j=0,---,n+ 1. This concludes the proof of the proposition.
ProrosiTion A.2. If for n=1,2,--+ we define p, by

(A.3) exp(—ix3)=1/n and p.=3,

then there exists n, s.t. for any n Z n,

(A4) p-=p=p.> &(p)/Vn=min(p,p’).
Proor. First, by our definition of x,; p = (I/Vﬁ)f’j;exp(—%xz) we have

Pn=pEpL© x;=x;, & exp(—ix)) Z exp(—ix},),
hence p, =p < p. & exp(-ix})= 1/n may now be written as

exp(~ )2~ > T exp(~ ki)

. 1 J”‘P 1 *
=m = —3x3dx, _f —ix? )
m(\/27r o exp(—2x7) dx V2w % exp(~x) dx
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The statement of the right hand side is

=lx,!

1
exp(—%xﬁ)émf exp(—ix?) dx.

11
VnVin

(A.5)

We may therefore consider just, say, x, =0 and prove {replacing x, by y)

11 NSO B 12
(A.6) V;Vﬁexp(—zy)=\/ﬂf_m exp(—3x°)dx

whenever exp(—3iy’)=1/n and y =0.

Now (A.6) is true (for all n = 1) whenever — 1=y =0. This is because it is
true for y = — 1 (direct computation}), and the left hand side is concave on
— 1=y =0 and has a smaller slope than the right hand side which is convex on
— 1=y =0 (see Fig. 1). For y < —1; d/dy [exp(—1y?)] is positive and increas-
ing hence at any point y < — 1, the part of the tangent left to y lies below the line
exp(—3x?). It intersects the coordinates axis at y + 1/y (Fig. 2). The integral on
the right hand side of (A.6) can then be bounded by

y
J exp(—ixY)dx = —icxp(—%yz).
It suffices therefore to prove that

exp(—y)=1n > -12y 21/Vn.
In fact

exp(—y)Z1/n > |yl=—-y=V2logn=> —12y 2 1/2V2logn

and since (logn)/n —>0let nobest. nzn, > —1/2y = 1/V'n and we have thus
proved (A.4) for n = n,.

I ~ 1"
| = |
|
! A
r___——%*\
| I
I |
I |
4 |
-1 p' y
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y+y Y

Fig. 2.

Proor oF LEMma 4.4, Using Proposition A.1 we expand the first term in the
left hand side of (4.10) as follows:

((p +x)+6(p ~ )= d(p)+ 5 6"(p) + 57 X6 (p +8) + $“(p - 8))
(A7)

_ ¢(p)__2__x_“_§< 14+2x2.s 1+2x,, s)
2¢(p) 4! \P’(p+38) ¢’(p-9)
where 0 =6 = x.
Clearly it is enough to prove (4.10) for n = n, for fixed n, and then modify the
constant ¢ to make (4.10) true for all n.
Define p, by exp(—3:x.)=1/n and p, =: then by Proposition A2, x =
#(p)/Vnis in the domain of maximization in (4.10) for n = n,, hence denoting

the left hand side of (4.10) by A, we get by using (A.7) for x = d)(p)/\/;z

ul-—-

¢(p)]

\/_n {¢( )_2 . (1+2x,2,+.s+ 1+2x§_5)¢"(p)}

d*(p+8) ¢*(p—-8)/ 4n?

\/mzzv;-\/m]

A= 6(p)2 b(p)| T

_1<1+2x§+5+1+24xf,_5) ¢*(p)
Nop+8) op—8)/4n*Vn+1

Since the first term on the right hand side is positive, the second is negative and
Vn+121 we get
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3 o af1+2xp.5  14+2x55\ 0 (p)
A=00)= (G e s T

(A.8)

where =46 = qb(p)/\/;.

Notice now that ¢“(p) = — (1 +2x2)/¢*(p) is a negative and concave function
(since ¢®(p) = 0). Also since ¢ (p) is symmetric around p = (¢d{(p) = ¢(p’)) and
since x,,= — x,, @ is also symmetric around p = 3. It follows that for p =3

(eW(p—8)+ U (p+8)Z ¢ (p-9),

and by (A.8)
. 1+, ')
which is
(A.9) A-o¢(p)z —(1+2x; )—I—_ex Gx;-5—2x}) !
' pI= AVt L TP

Now 1+ 2x”>=8exp(x?/4) for —x < x <= hence
(A.10) A - d(p)= ——S——exp(x o~ 2x2).
T V2n4in? ! !

We now establish the existence of a constant K such that x, — x,.5 < K/Vn
holds for p, = p = p., p =i and n sufficiently large. Since 0 =6 = #(p)/Vnand
since x, — X,_s is monotonically increasing with § we have to show that
A=K/Vnwhere A= X, — X, s~ » Letting y = x, =0 we claim in other words
that ¢ (p)/Vn= [ +(1/V2m)exp(— x> dx implies A = K/iVn.

In fact for ~ 1=y =0 we have

N 2mnz ¢(p)/\/71=fy A,

1
v V2m

1.2
exp(—zx“)dx = Vioe
which implies A = Ve/Vn.

For y = — 1 the tangent to (1/V2m)exp(— ix?) at x = y lies below the function
and intersects the x axis at y +1/y (see Fig. 3) forming a triangular area
(= 12y)(1/V2m)exp(—by’) = d(p)2]y . L ~

Now p = p, implies |y|=]|x,|=|x, |=V2logn=4iVn for n sufficiently
large, hence the triangular area is = d)(p)/\/;l which implies A = 1/| y |. The area
of the shaded trapezoid is ¢(p)(2—|y|A)A/2, therefore

=] (i) z0p)C- Y1052 00) 5
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— 1/l — e

-

d(p)
i)

|
f A—"':y

Fig. 3.

This completes the proof of A= K/Vn for a suitable constant K and n
sufficiently large. From here we get
o\ 2 % 2
x,z,fa=(x,,—A)2§(xp——K-=> =2 2K% K
Vn

and

(A.12) Xl s—2x2= —-3x2—7Kx,2Vn+ 7K 4n.

Since x, <0, the right hand side has a maximum (with respect to n) at n,, hence
(A.13) X, —2xi= —ix2—TKx,2Vn,+ 7K} /4n, = K

where K is the maximum of the parabola (in x,) at the right hand side.
Combining (A.13) and (A.10) we finally obtain the existence of a constant C; >0
s.t.

(A.14) Az¢(p)-CyJ/2 for n=zn, and p.=p=p..

It remains to establish (A.14) also for p = p, or p = p,. In this case, by the
definition of p.: exp(—3x3)=1/n and therefore ¢(p)=<1/n V27. So (choosing
x=0)

1 Vi i xjz
7 1(1]\:12[ n(d(p+x)+eé(p-—x)+x]z +1d>(p)

0=x=p’

=z ¢(p)- ¢()1-VaVn+1)Z ¢(p)- ¢(p)/2n +1)

= ¢(p)-1/n@2n+1)V27z ¢(p)— Ci/n?

for some constant C,.
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Choose now C, s.t. A Z ¢(p)~ Ci/n® for 1=n=n, and finally choose
¢ = max(Cy, C,, C5). This completes the proof of Lemma 4.4.

Proor oF LEMMA 4.5. We have to prove the existence of a constant K >0 s.t.
for0=p=1

(A.15)

[\/n (p+§)+vn§ S(p-n)+ g”]

§¢(P)+ K/n?

Vn+ lm)esm

where S(p)={(&7)[0=¢=p’; 0= =p}.

Since ¢ is continuous and S(p) is compact, the maximum in (A.15) is
achieved, say, at (&, 10). From (d¢/dp)i- = —; (d¢/dp ). = + < it follows that
& # p' and n, # p. Furthermore we claim that if pp’' # 0 then & # 0 and 1o # 0.
In fact, denote the function to be maximized in (A.15) by F({ 7n), then
F(0, n) = F(£&0)= Vne(p) while

Max F(&n)z Max F(x,x)= Vine(p)+ Max [0G))+x])> Vno(p).
n)ES(p 0=x=
We conclude that (&, no) is a local maximum of F(¢, n) in S(p). Equating first
partial derivatives to 0 yields

(§0 ) \/nd>(P+§o)+ \/"4’ (p+ &)
(A.16) .
210
Hayy Ve ”"”(5 Ty O
(&)M’) Ty Ve o)1 + )\/ntb(p m)
(A.17) .

2&5
go+no\/"¢(p "°)+(§+n) =0

Dividing (A.16) by ne/(é0+ o), (A.17) by &/(& + mo) and adding the results we
get Vn[¢'(p+&)—d'(p— o)) +2=0.
Recalling that ¢'(p) = — x, we have

(A.18) Xpee— Xpom = 2/V 1.
By the mean value theorem

Xprty™ Xp-no = [(P + &) = (P = M0)]X (o+ cori-0xp- a0

for some 0=0 =1.
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Using (A.18) and recalling that x'(p)=1/¢(p) we get

(A.19) &+ m0=QRIVN)d[8(p+ &)+ (1— 8)(p — o).
Now

PR T exp i 5ol
(A.20)

= exp{— %o T Xpso6 (1030} [Xo = Xpvom-1-0ym]} -
Since x, is monotonically increasing in p we get from (A.20)
(% + Xproaa-omd [%5 = Xpeat-a-oma] = 1V M) Q2] x, | +2/V )
and by (A.19) and (A.20) therefore
(A21) &+ 10Z IV W) & (p)exp(2lx, |1V n) - exp(2/n).

Denote

G(f,n):

d>(p n).

Expanding ¢ (p + £) and ¢ (p — n) yields the following expansion for G (¢, ):

G(&n)=d(p)+3énd"(p)+5én (€ —1)9"(p) + 10 (62— én + n)d“(p)
(A.22)

+léo[§f dO(p + o.8)— _7L¢<5>(p an)]

where 0=, =land 0= 0, = 1.
First consider the last term in (A.22) which we denote by K(p; & 7). Since ¢
is decreasing we have by Proposition A.1

(A.23) K(p;&n)= —mén(E+ ) (€ —n)x,(7T+6x3)/d(p).

By (A.21), since max(¢n, 2+ )= (£+n) and ¢ — n = £ + 7 we have

2 — 27
K(p: &, no)léﬁ%[ﬁwp)ew@lxp VA + = | 50+ 6516 p)

(A24) = —=[d(p)x (7+6x2exp(10|x, |[/V n) + 10/Vn]

15Vn

15\/2 =[x, (7+ 6x7)exp(10] x, IV n+10/Vn—1x2)].
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The last expression is clearly a bounded function of x,, hence
(A.25) | K(p; €0, m0)| = K/,

for some constant K.
By {A.22) and (A.25), using Proposition A.1 we obtain

G(é0,m0) = d(p) — €omol20(p) — s€omo(é0— M0)x, /07 (P) —

A.26
A26) L ema(€l— Eomot m) (14 252/67p) + Kiln®

Therefore

(A27)  Max [G(g,n)+—\}—;—@—]§¢(p)+Kl/n2+(Max D(& )

(EMESEP) E+m £n)ES(P)
where
L 26n  &m 1,y X 1, 2 1+2x}
D n)=—4= - +
(&n) VrE+n 26() 6§n(§ n)df(p) 24§n(§ én n)¢3(p)

Observe that D(0, 1) = D(£,0)=0; D(¢, ¢)> 0 for ¢ >0 sufficiently small. Also
D(£&n)— —» as £ >» or n—o. It follows that D restricted to the non-
negative orthant has a global maximum which is also a local maximum. Equating
first derivatives of D (& n) to 0 gives

a2 0=L-1 21 ___ 1 L iR

o Vn(+n) 26(p) 6 ¢*(p)
S35 2gn + )L
24 o(p)’
oD 1 28 & 1 X
A3 0=—=——""———2— 14— — £V + En]—22—
A0 0= = aErny 20() 657 DTG
€ n14+2x2
24(377 2+ ¢ 74)—3(17—)2
Adding
14D 14D
n o &
we get

_ 1
(A3D) 2/Vn(¢E+ )~ 1/d(p)— K¢~ )% /b (p)—g(§—én+ 7%
X (1+2x)/¢*(p) = 0.
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Subtracting

we get

- 1 1
(A32) 2(n - €)/V (¢ + 1) =€+ Mm%/ (p) ~ 15(6 ~ 7)) (1 +2x7)/$7(p) = 0.

By dividing (A.32) by (£°~ n°) and eliminating (n — ¢) we obtain

(A.33) n-g=—rs "P/"’I(P)z —.
mﬂ# x.)/¢*(p)

Replacing in (A.31) (£*~én +n%) by {(€+ 1) +3i(£—n), and (£ - 7) by its
value according to (A.33), we get

2 1 x2d(p) 11+2x2 2
— - + — - +
Va(E+n) () 24/Vn(E+n)+(1+2x2)/¢’(p) 24 ¢*(p) (€+m)
(A.34)_11+2x:[ _ 5I6%p) ]2=0
8 ¢°(p) L12/Vn(£ + 1)+ G+ x)/d’(p)

It is easily verified that the expression in (A.34) tends to + @ as (£ + )—0. On
the other hand, the last two terms are always negative and the third is bounded

from above by [1/¢(p)]{Max, [x/(1 +2x%)]} which is 1/2V2¢(p). So if we

denote the left hand side of (A.34) by L(£ 1) we can assert that

(A.35) L(Em)S2VE+n)-1d(p)+12V24(p).

The right hand side of (A.35) is non-negative if and only if
E+n=ad(p)/Vn where a=2/(1-1/2V2)~ 3.1.

It follows therefore from (A.35) and (A.34) that any solution (£ n) of (A.31) and
(A.33) must satisfy

(A.36) E+n<ad(p)/Vn.

By (A.33) we get that at the maximum (4, 7)

g L%, /¢*(p)
T 12n/d(p)a’+ G+ xD)/d(p)

5l6(@) _lnlé@e’

T 12n/a’+ i+ x)) 12n

(A.37)




Vol. 27, 1977 MAXIMAL VARIATION OF MARTINGALES 275

Being interested in obtaining an upper bound for the global maximum of D we
replace its last two terms by an upper bound at the maximum. The resulting
function will have a maximum which is greater than or equal to that of D. Now
the last term of D (in (A.28)) is not positive and as for the third term, by (A.36)
and (A.37),

_2._<_ 2__(2))6
fnte- WEE)=6% n 12n¢(p)

as 1 1 1.2 2
=———M x—==|xlexp(—3x°)= K./n’.
72 n? ax/zwl’p(z) ’
We conclude that
(A.38) Ngax D n)=K,/n+ h'gz:x Di\(&n)
where K, is a constant and
§ 1 &
A.39) D.(¢ n)' Vall
( n Vn 26(p)

Equating 6D,/d¢ and 4D,/dn to 0 we get

1oD,_ 29 1 1 _
n 3 (E+n) Vn 2¢

19D _2¢ 1 _ 1 _,
£on (E+1) Vn 2¢

which imply £ =7 = ¢/V n and hence

L]

(A.40) Max Du(§ )= ¢(p)/in—$(p)2n = é(p)/2n.

(&n)¥ES(p)

By (A.27), (A.38) and (A.40)

128 2
(A .41) (5‘11\1/)16335”[6(‘5 n)+\/n§+n] o(p)1+12n)+(Ki+ Ky)/n’.

Coming back to (A.15) we have now by (A.41)

Fos]

¢>(P+§)+\/n d’(P )+ ——

Max [\/;1
Vi + Lgmese £+
(A.42)

Vn 1 26 1\ Vn  K+K;
\/"+1(51:/>[§s)ip>[6(§n)+\/ £+ ]:¢(p)<1+2n>\/n+l+ n*
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Now notice that V1+ 1/n=1+1/2n — 1/8n?, therefore

S .

<1+1)L—_i_ 1= 1t12n =
Vn+1 V1i+1l/n  1+12n-1/8n>

2n
where K is a constant. It follows that

1 -
(A.43) d)(p)<1 +5;>\/n/\/n +1+ Ky/n*= ¢ (p)+ &(p)Ko/n’ + Ky/n?
=¢(p)+ K/n?
where K is a constant. (A.42) and (A .43) conclude the proof of Lemma 4.5.
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